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Let w(n) denote the number of distinct prime factors of a natural number n. In 1917,
Hardy and Ramanujan proved that w(n) has normal order loglogn over naturals. In this
work, we establish the first and second moments of w(n) over h-free and h-full numbers
using a new counting argument and prove that w(n) has normal order loglogn over these
subsets.
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1. Introduction

For a natural number n, let the prime factorization of n be given as
n=pi...p, (L1)

where p;s are its distinct prime factors and s;s are their respective multiplicities.

Let Q(n) denote the total number of prime factors in the factorization of n and

w(n) denote the total number of distinct prime factors in the factorization of n.
Hence, Q(n) = >"'_, s; and w(n) = r. Let By be the Mertens constant given by

1\ 1
B1=7+Z(10g(1——)+—),
. p)

with v =~ 0.57722, the Euler-Mascheroni constant, and where the sum runs over all
primes p. Let
1
By =By + _
zp: p(p—1)
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The following average value formulas are well known (see [7, Theorem 430; 4]
Sec. 1.4.4]):

Zw(n)leoglongrleJrO( ° ) (1.2)

= log x

and
ZQ(n)xloglongngerO( x ) (1.3)
~ log x

Let A > 2 be an integer. Let n be a natural number with the factorization given
in (LI). We say n is h-free if s; < h —1 for all i € {1,...,r}, and n is h-full if
si > hforallie{l,...,r}. Let S, denote the set of h-free numbers and A/, denote
the set of h-full numbers. Let vy 5, be the constant defined as

_1/h
von =[] (1 + %), (1.4)

P

where the product runs over all primes p, and B3 be the constant defined as

h+ 1)pt*t/h — hp — 2hp?/h + (2h — 1)pt/h
(p— D@ 1)/ +pt/h—p)

In [, Theorems 1 and 2], Jakimczuk and Lalin established the first moments of
Q(n) over h-free and h-full numbers, respectively, as

Bs := h(By — logh) +Z( (1.5)

1
Z Q(n) = —==xloglogz + Op(x) (1.6)
neSy,
and
1/h 1/h at/h
ngz Q(n) = hyopx'"loglogx + Bsvyopz " + Oy, (m), (1.7)
nGWh

where ((s) represents the classical Riemann (-function, and where Ox denotes that
the implied big-O constant depends on the variable set X. To obtain (L6, they
used the generating Dirichlet series for h-free numbers. For (L), they used the
completely additive property of Q(n) to split the sum into sums over divisors of
n distinguished by their multiplicity, and then used generating series arguments to
estimate these sums. This method for the h-full case cannot be extended to the study
of w(n), since w(n) is not completely additive. This limitation of their approach is
presented in [I1}, Line 15, p. 33] where the authors established the function field
analog of [9]. Thus, to study the moments of w(n) over h-full numbers, we use
a new counting argument. At its core, our method relies on counting the natural
numbers divisible by a given set of prime powers in a bounded range. This new
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counting argument not only establishes the average distribution for w(n) over h-
free and h-full numbers, but also improves the results from [9]. In particular, it
makes the coefficient of « in (LG explicit and improves the error term in (7)) to
z'/h /log 2. Additionally, we employ this argument to establish the second moment
estimate for w(n) over the sets of h-free and h-full numbers.

The first part of our work employs the counting argument to study the moments
of w(n) over the subsets of h-free and h-full numbers. As the evidence in (L2]) and
([C3) suggests, the average distribution of w(n) differs from that of Q(n) in the
second main term. Thus, asymptotically, they behave the same. We verify this
phenomenon when restricted to these subsets.

We define the constants

1
Cy =B, — zp: m (1.8)

and

ph—l -1 2
p

Using the above definitions, we prove the first and second moments of w(n) over
h-free numbers as follows.

Theorem 1.1. Let 2 > 2 be a real number. Let h > 2 be an integer. Let Sp(x) be
the set of h-free numbers less than or equal to x. Then, we have

C
Z w(n) = ﬁxloglogw + T}i)x + Oy, (%)

1 201+1 02 x
E w?(n) = —=x(loglogz)? + rloglogx + ——2 4+ O ( )
& = yrtiostose =g lostos T gn t On oy

Let Ly (r) be the convergent sum defined for r > h as
1

Ln(r) = , (1.9)
; p(r/h)—l (p _ pl—l/h + 1)
where the sum runs over all primes. Using this, we define two new constants,
Dy :=By —logh+ Lp(h+1) — Lr(2h) (1.10)

and

Dy:=D}+D1—((2)- ) (;)2 (1.11)

_ pl—1/h
5 p—0p +1

For the distributions of w(n) over h-full numbers, we prove the following.
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Theorem 1.2. Let x > 2 be a real number. Let h > 2 be an integer. Let Ny (x) be
the set of h-full numbers less than or equal to x. We have

LA/h
Z w(n) =yonz'/"loglogx + Dyvyona'/" + Op (10 x)
nEN () g

and

Z w?(n) = vopxt/"(loglog z)? + (2D + 1) o pz'/ " loglog x
neNy (x)

+ Dovyopz'/" + Oy, <7zl/h log lOgI> .

log

Next, we introduce the definition of the normal order of an arithmetic function
over a subset of natural numbers. This definition is inspired by the work of Elma
and Liu [3] over naturals, where they extended the definition of normal order using
an increasing function (see [6]) to a definition involving a nondecreasing function.
Let S C N and S(x) denote the set of natural numbers belonging to S and less
than or equal to . Let |S(x)| denote the cardinality of S(x). Let f,F : S — Rxq
be two functions such that F' is nondecreasing. Then, f(n) is said to have normal
order F(n) over S if for any € > 0, the number of n € S(z) that do not satisfy the
inequality

(1 =e)F(n) < f(n) <(1+€e)F(n)

is o(|S(x)]) as  — oc.

The distribution in (I2) proves that, on average, w(n) behaves like loglog n over
rationals. In [6], Hardy and Ramanujan strengthened this result further by proving
that w(n) has the normal order loglog n over natural numbers. In [7, Sec. 22.11], one
can find another proof of this result using the variance of w(n) (see [7, (22.11.7)]).

Note that w(n) may exhibit different normal orders over different subsets of N.
For instance, w(p) = 1 for any prime p, and thus w(n) has normal order 1 over the
set of all primes. However, in this work, we establish that w(n) still has the normal
order loglogn over h-free and h-full numbers. Since the set of h-free numbers has a
positive density in N, the proof of normal order of w(n) over h-free numbers follows
from the classical case. In particular, one can establish that for any ¢ > 0, the
number of n € Sy (z) that do not satisfy the inequality

(1 —-¢€)loglogn <w(n) < (1+¢)loglogn

is o(|Sh(z)|) as x — oco. On the other hand, the set of h-full numbers has a density
zero in N and thus does not directly follow from the classical result. However, writing
an h-full number n as n = rfir;, where rq is the product of all distinct prime factors
of n with multiplicity h, one can use the classical result on w(rg) to establish the
normal order of w(n) over h-full numbers. In this work, we provide another proof
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of this result using the variance of w(n) over the h-full numbers. We prove the
following theorem.

Theorem 1.3. Let h > 2 be an integer. Let Do be defined by (LIIl) and o be
defined by ([L4). Let Ny(x) be the set of h-full numbers less than or equal to .

Then, the variance of w(n) over the h-full numbers is given by

1/h1 1

g (w(n) —loglog n)2 = 'yo7hx1/h log log = + Dzyo,hxl/h + Oy, (796 loogg ng).
T

neNy, ()

Let g(x) be an increasing function such that g(x) — oo as © — oco. Then the set of
natural numbers n € Ny (x), such that

|w(n) — loglog n|
>
Vl1oglogn = 9(@),

is o(|Nn(z)]). As a consequence, w(n) has normal order loglogn over the h-full
numbers.

The counting argument used for w(n) can be employed in the study of the
distribution of Q(n) and produce improvement to (@) and (7)) as mentioned
earlier. Let C3 and C4 be two new constants defined as

—p
and
h_hp+h—1\"
Cyi=C24+C5—((2) — (p )
’ zp: (r—D"-1)

One can improve (L6]) as follows.

Theorem 1.4. Let x > 2 be a real number. Let h > 2 be an integer. Let Sp(x) be
the set of h-free numbers less than or equal to x. Then, we have

o 1 Cg T
ne;(x)Q(n) = mxloglogw + mx + Oy (@)

and

1 205+ 1 Cy z
Q%(n) = —a(loglog )2 + =32 zloglogx + ——x + O <_)

Recall Bs from (). Let By be a new constant defined as

h(p*/h —1)+1
(/" =1)(p —p /" +1)

By:= B3+ By~ h*((2) - ) (
P

Adopting this definition, one can improve (7)) as follows.
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Theorem 1.5. Let x > 2 be a real number. Let h > 2 be an integer. Let Ny (x) be
the set of h-full numbers less than or equal to x. Then, we have

1/h
Z Q(n) = hyopz'/"loglogx + Bsyo nz'/" + Oy, (x )

log x
neNy, ()

and

Z Q%(n) = h2yo pa/ " (loglog 2)? + (2Bs + 1)hyo /" loglog z + Byryo pat/"

neN, (z)
L0, (xl/hloglogx)'
logx

Using the last two theorems and the method of variance demonstrated for w(n)
in this paper, one can establish the normal order of Q(n) over h-free and h-full
numbers as follows.

Corollary 1.1. Q(n) has normal order loglogn over h-free numbers and normal
order hloglogn over h-full numbers.

The proofs for the Q(n) results are not included in this paper. Interested readers
can find the complete proofs in the Ph.D. thesis of Das [2].

2. Lemmata

In this section, we list all the lemmas required to study the first and second moments
of w(n) over the h-free and h-full numbers. First, we recall the following results
regarding sums over primes necessary for the study.

Lemma 2.1 ([I, Lemma 1.2]). Let 7 > 1 be any real number. Then,

1 1 1
2 7 = Dailoga) (ITl(logﬂs)T) '

p>x
Lemma 2.2. Let a be any real number satisfying 0 < a < 1. Then,

1 11—«
pe logx

p<z

Proof. Recall that the classical prime number theorem yields

w(e) =Y 1= % +0 (%) (2.1)

= (log x)
Thus, using partial summation and integration by parts, we obtain

1 7(x) ow(t) i@
— = dt <q )
Z pe e - 04‘/27 totl < log

p<z

which completes the proof. O
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Lemma 2.3 ([12, Exercise 9.4.4]). For x > 2, we have
1 log log x

2 log(z/p) =0 Togr )

5o plog(z/p g

Lemma 2.4. Let p and q denote prime numbers. For x > 2, we have

! loglog
Z — = (loglog #)* + 2By loglog x + B? — {(2) + O (fi)
pg P4 Py
Pz

Proof. The proof follows the exact arguments of Saidak [13] Lemma 3] except for
a small correction. We notice that fol log(1—t)/t dt = —((2) which proves the value
of —((2) in the main result as opposed to +{(2) stated by Saidak. O

Finally, we recall the following results regarding the density of a particular
sequence of h-free numbers.

Lemma 2.5 ([10, Lemma 3]). Let x > 2 be a real number. Let h > 2 be an
integer. Let Sp(x) be the set of h-free numbers less than or equal to x. Let q1,. .., qy
be the prime numbers. Then, we have

h—1
G — % x ro1/h
Y IR o ()

neSy (x) S\ g -1 )¢ (
(gi,n)=1, Vi€{l,...,r}

3. The First and Second Moments of w(n) over h-Free Numbers

In this section, we establish the asymptotic distribution of w(n) over h-free numbers.

Proof of Theorem [T} Let p”||n denote the property that p* divides n but pF+!
does not divide n. Then writing n = p*y with (y,p) = 1 for such n and using
r=min {h — 1, [log z/logp|}, we obtain

ORI SIS SIS 35 SIS ST 3 S ST

neSy (x) neSy (x) ‘p p<z k=1 neSy () p<z k=1 yeSh(m/pk)
pim p*lIn (y,p)=1

Now, first using Lemma for a single prime p on the above and then using
Lemma 2.2, we obtain

% 0= EX () d o (m) o

neSy (x) p<x k=1

Using the bound |[2| > z — 1 and (Z1]), we can write

ZZ( o 1) Zz(p ;p;)*()(méx)' (3.2)

p<z k=1 p<z k=1
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Now, using

pr-ptt 1 p-1
;p’“(phfl)_p p(ph = 1)’

and Mertens’ second theorem given as

1 1
Z—loglongrBlJrO( ) (3.3)
i<e log x

and using Lemma 2.1l with 7 = h, we obtain

1
S5 (B <testenz 00 w0 (1)
log

p<lx k=1

where C} is defined in ([C8]). Combining the above with 1) and (32) completes
the first part of the proof.

Next, let v, = min{h —1, [logz/logp|} and r, = min{h — 1, [logz/logq]}.
Then, we have

> - Y (2

neSy(x) neSy () i
Tp Tq
= Y wm+ > Z ( Zl) (3.4)
neSy (x) neSy(x) k=11=1

p.q
p*lIn, ¢'lIn, p#q

where p and ¢ above denote the primes. The first sum on the right-hand side is
the first moment studied above. For the second sum, we rewrite the sum and use
Lemma for the two primes p and ¢ to obtain

> (1

n€Sn(z) k=1 1=1
P"lin, qlln P#q
" Ta _ o h—1 h _ h—1 1/h
= Z ZZ((p & )(ql hq ) - +Oh( ljh l/h))'
v o= -1/ \d(¢"=1)/ ¢(h) p*"q
p#q, pq<w

(3.5)

We employ Lemma with @ = 1/h and Lemma to estimate the error term
above as
Tp Tq

1 zloglogx
1/h
> ZZ phIhgl/h < > (pq) /" <n logz (3.6)

P,q o=11=1 P P,q
P#q, Pg<z P#q, pg<z
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For estimating the main term in ([3.3]), we consider the set R defined as

1
R = {pgx’ {ngJ <h—1}.
logp
Using the definitions of r, and r4, we rewrite

> 3 (555) ()

p,q k=11=1
h—1h—-1 h h—1 h h—1
p =D q —q
_ — I — I, + I3, 3.7
2 ;;(pk(phl))< hl)) e (37

p#q, pq<w

‘e d'(q
P#q, pg<z
where
h—1 —1 h h—1
q —q
LD S (2 (42,
log « =1 T\q
p#q, pq<:ck I.lOEPJJ'_l
pPER

h—1 h—1 _ -~

Y Y S () ()

F(ph — 1 i —1) )"
P | lom | 4| lese |4 pF(p ) d'(q )

p#q, pq<® Tog p Tog g
p.qER

The sums I, I and I3 contribute to the error term. Note that Iy = I5. In fact,
using B3) and |z| > « — 1, we estimate

I < Z L << Z 10g10gw

p,q pl‘)g”’ q q<$
p#q, pg<w
pER

Finally, for I3, using (Z1]), we have

11 1 1
I3 < T e K T3 1< )
; p{OEP q}Oiq x? 1; xlogx

P#q, pq<w
p.qER

We next estimate the main term in (B:ZI) First, we rewrite the sum as

= SR ()

e =

PgsT p<zl/?
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The second sum above is estimated using Lemma 2] as

h—1 2 h—1 2

p -1 P -1 1

— | = —_— O ———. 3.9
zp: (ph—1> ;(p”—1> i <x1/2logx) (39)
pS$1/2

For the first sum on the right-hand side in (B.)), using

ph~t—1 1 p—1

=1 p pph—1)
and the symmetry in p and ¢, we have

(ph—l _ 1) (qh—l _ 1)
z : h _ h _
p.q p 1 q 1

pg<z

- pzq: Piq_ ’ ; 11'7 (Q(qq”;ll)) B ; (p(ih_ll)) (Q(Zh_ll))'

pq<x pg<z pg<x

We estimate the sums on the right-hand side above separately. For the first sum,
we use Lemma 2.4l For the second sum, we use Lemma ZTland then ([B.3) and (Z1])
to obtain

1 q—1 - l p—1 1
;q: p (q(qh - 1)) B zp: P (Z s -1 ¢ ((x/p)log(w/p))>

P
pq<x p<z/2

_ (Z %) (loglogz + By) + O (10;).

p

For the third sum, we use Lemma 2] twice and then Lemma [2.3] to obtain

S () () - (St +o(2)

P
pq<x

Combining the last three results and Lemma 2.4l we obtain

h_l—l h—l_l
> (p ) (q T ) = (loglog 2)? + 2C} loglog  + CF — ¢(2)

h _
Y P 1 q 1
40 <loglogx)'
log x

Pz
Combining (B)— (B3] with the above equation and using the first-moment estimate,
we obtain the required second moment. O
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4. The First and Second Moments of w(n) over h-Full Numbers

Let h > 2 be an integer. Recall that N}, is the set of h-full numbers and N, (z) is
the set of h-full numbers less than or equal to z. Note that if n € N (x), then for
any prime p|n, we must have p”|n. Moreover, the maximal power of p that divides
any such n < z is [logz/logp|. Using this and n = p*y with (y,p) = 1 when p¥||n,
we can write

5l
Yoowmy= D D= > > > 1 (4.1)
neN, () neEN, () pfn p<zl/h k=h yeN;, (z/p")

(y.p)=1

Let ¢ be a fixed prime. We intend to estimate the sum

Agn(y) = Y 1. (4.2)
neNL (y)
(n,q)=1

To prove the estimate for the above sum, we will use the techniques from the work
of Ivi¢ and Shiu []. Let’s recall some of the results about h-full numbers from their
work in the following.

Notice that the generating series for the h-full numbers is defined on R(s) > 1/h
as

1 1 1 phs
Nu(s) = Y E:H(lJFWJF"'JFﬁJF"'):H(Hlps)'
p

neN;, P

Let Ap(y) denote the number of h-full integers not exceeding y. In [8 Sec. 1], Ivié
and Shiu proved that

Ni(s) = C(hs)C((h+1)s) ... C((2h = 1)s)¢T (2R +2)s)n(s), (4.3)
where ¢, (s) satisfies

(3h%+h—2)/2

[T{1-2" 4 > auw ™| =CHRh+2)s)nls),  (44)

P r=2h+3
and where a, j, satisfies the identity

(3h*+h—2)/2

h
(141 ) et a5
— v
2h+3

Note that |a,n| < h2", ¢2(s) = 1 and ¢p(s) has a Dirichlet series with abscissa of
absolute convergence equal to 1/(2h + 3) if h > 2. Moreover, it is also established
that

Nh(s) = Gh(S)Kh(S),

where
oo

Ki(s) = 3 kn(n)n =" = C(hs)C((h + 1)s) ... C((2h — 1)s) (4.6)

n=1
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and

Pn(s)

G = 20 =

and where G}, (s) converges absolutely in $(s) > 1/(2h + 2). Thus, one can write

An(y) = Y gn(m)ka(n).
mn<y
Additionally, let Sy (y) denote the sum
Su(y) :=>_ kn(n). (4.7)

n<y

In [8, Theorem 1], Ivi¢ and Shiu proved that

2h—1
Suy) = Y Cony™" + Aj(y), (4.8)
r=h
where
2h—1
Con=[] <G/ (4.9)
j=hg#r
and
ALly) <y™, (4.10)

with 1/(2h+2) < n;, < 1/(2h—1). Using the above prerequisite results, we establish
an asymptotic result for A, j,(y) as defined in ([2]). We prove the following lemma.

Lemma 4.1. Let q1,qs,...,q- be distinct primes. Let

AQ17--~7Q7‘7h(:E) = Z L.
neN (z)
(n,q1)="=(n,qr)=1

For any x > 2, we have

1 1 1
Agsearh(T) = Yar,000,0,0 T+ Var,esge, LA+ Ygy g h—1,RT 2T

+ Oh(l’nh’),

where 1/(2h +2) <np, < 1/(2h — 1), and for i € {0,1,...,h — 1},
on(1/(h +1))
—h/(h+i) ’
at(n+2)/(h+ ) (T (14 s ) )

J

Ya1,earrish = Chtish (4.11)

with Chyipn defined in [@3) and ¢n(s) satisfying [@A).
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Proof. Let us consider the sum defined on R(s) > 1/h as

1 p—hs
Nai,.oooqrn(8) = Z e H (1 + 1 — S)'
n p
HGNh p
(n,q1)="=(n,q,)=1 DALy Gr

By (#3), we have

Novroon(s) = C(hS)C((h 4+ 1)s) ... C((2h — 1)s) R EDIon(s)
)

J=1 1—gq;°

Thus, we can write

where K} (s) is defined in ({6) and

oo . ¢h s
Gon(s) = quh--.,qr,h(n)n = ) s :
=t C((2h + 2)s) (H§_1 (1 + lq_fqbs)>
By (@A) and ([@3]), we have
Pn(s)
r qghs
C((2h 4+ 2)s) <Hj—1 (1 + 1—q]»5)>
(3h%24+h—2)/2 r 2h—1
- T (s S e (T 000 )
P r=2h+3 j=1 r=h
DPFQL, 5 qr

(4.12)

Note that, for R(s) > 1/(2h + 2) and for all sufficiently large p, using |a,n| < h2",
we have

(3h%+h—2)/2

p7(2h+2)s+ Z ar,hpirs <1
r=2h+3

Moreover, |g; [ < 1forall j =1,...,r and for all » € {h,h+1,...,2h —1}. Thus,
taking the logarithm of the right-hand side of (ZI2) in the region R(s) > 1/(2h+2)
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and using |a, ;| < h2" again, we obtain

(3h%+h—2)/2 r 2h—
log H 1— p7(2h+2)s + Z ar,hpirs H —TS
P r=2h+3 j=1 r=h

PFQL - qr

<

(3h%+h—2)/2

2h—1
= Z log | 1— p7(2h+2)S + Z arpp” " | + Z Z log (1 - q;m)
j=1 r=h

P r=2h+3
PFQ1,- - qr

1 1
<hr Z pChF2R(s) + ohR(s) "
p

The last term of the previous equation is bounded with <, ¢((2h+2)R(s))+1/20%()
and thus is finite for R(s) > 1/(2h + 2). Hence, by the theory of convergence of
infinite products, G4 1 (s) converges absolutely in R(s) > 1/(2h + 2).

Now, we can write

Ag,cigrn () = Z Yar,ersqrh (M) Z a1 wesqr,h (M) S (/M)

mn<x m<x
where S, is defined in (£71). Further, using (L8], we obtain
2h—1 g
..... (M
Aq ..... Z Or hI Z — mql/r + Z 9q1,..,qr;h Ah(z/m)

m<x m<x

We need to estimate the sums above. Note that

D e (m)n” ™ = O (1),

n<z

Thus, for each r = h,h 4+ 1,...,2h — 1, using partial summation, we obtain

Ya,.-,qr,h 1TV (I'r‘ah m
..... \qr>h n(1/7r) — E

m<x m>x

and by @I0),

m<x m<x
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Combining the above results, we obtain

2h—1

= '7q1,---7qr70,h$1/h +eee ’qu,--qqr,h—l,hxl/@hil) + Op (z™),

which completes the proof. O

Remark 4.1. Note that

Y0.h (4.13)

where

_ ¢n(1/h) p—p/"
h= Oh,hm 1;[ < 1/7’1))’ (4.14)

with the product formula described in [9, p. 3].

We use Lemma ] with one prime to prove the first and second moment esti-
mates for w(n) over the h-full numbers. We prove the following.

Proof of Theorem Inserting the formula for A, ;(y) given in Lemma F.T]
with y = x/p* in (@), we obtain

Y win)

neNy (z)
| 155 ]
D> Apala/pb)
pgxl/h k=h
125
ST (wonl@/p) M+t e (@/pF) Y 4 O ((2/pF)7).

pgxl/h k=h

(4.15)

Let us study the main term above given as

Llong Llogwj
logp log p

Z Z 7P707h($/pk)1/h=70,h$1/h Z

p<al/h k=h p<al/h k=h Pk/h< + 1 1/h>

1
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‘We obtain

log IJ
logp
1

'70,h551/h Z Z

-1
pgzl/h k=h pk/h (1 + 1_2—1/}1)

logzjih+1

1 (p /M) Lres

_ 1/h B 1/h
= 70,nT E = - 70,hT E = EER
S p (L=p /e p) S p(L=p e pt)

(4.16)

Using |x] > x — 1 and then (1)) with y = 2!/, we bound the second term above
with

—1/h\| 1252 | —h+1 1/h
NV S ) L
p(l—p YV 4p1) log x

pgml/h

(4.17)

Thus, it remains to study the first term in ([I0). A little manipulation yields

! ! p - p 418
Z p(l_p—l/h+p—1)_ Z 5T Z p(1—p- 4 p-1) (4.18)

plat/h p<al/h b p<al/h

For the first sum on the right-hand side above, we use ([B3) to obtain

1 1
Z — =loglogax —logh + By + Oy, (—) (4.19)
oy log x

For the second sum on the right-hand side of [IJ]), we use the convergence of the
corresponding infinite series and Lemma 2.1] to obtain

p—l/h_p—l 1
=Lp(h+1)—=Ly2R)+ Oy | —5+—— ).
) p(L—p/h+p0) n(h+1) = Ln(2h) + h(xl/hz(logx))

p<al/h

Combining the last three results, we obtain

! 1
Z p(l—p—l/h+p—1) = loglogx + Dy + O, (@), (4.20)
p<zl/h
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where Dy is defined in (LI0). Combining the above result with (@I5)-EI7), we
obtain

21/h
Z w(n) = yo,nz'/"loglogz + Dyyopa'/™ + O (10 x)
neN(z) &
L5
+On | D D (/)OI (4.21)

p<axl/h k=h

For the error term above, using Lemma 22 with o = h/(h 4 1), we obtain

| 1555 | 1 S1/h
k\1/(h+1 1/(h+1

Z Z (a/p*)/ D) < g/ D Z WD) S o

p<zl/h k=h pgxl/h,p ogx

Inserting the above back into ([2]]) completes the first part of the proof.
Now, note that

2

Y. W= |1
neNy, (z) neNy, () hP
p"|n
Lees] Loes)

dSowm)+ Y > > 1]. (4.22)
k=h

nEN} () neN;, (z) P,q I—h
p"lIn, d'lIn, p#q

The first sum on the right-hand side above is the first moment studied earlier. For
the second sum, we first rewrite the sum, use Lemma ] with two distinct primes
p and ¢ and use ([{LI3) to obtain

I-logzj I-logzj
Tog p Tog q

PEEDD !

neNy, () k=h I=h

e 8
p"lln, ¢'lIn, p#q

1 1
TG YD S S =

Pyq k=h 1=h PP (1 + 17p71/h,) g'/n (1 + T—q-1/h

Llong Lloga:J
log p log q

_1
+On | 2™ T Y > 2 PRI (D) | (4.23)
=h
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The error term above is bounded by using Lemma and then Lemma as
follows:

Lloga:J Lloga:J
log p log q

DY ZZW

P.q
p#q, pq<z'/"

1 1 1
SRS ey > POCERD
» q
p<az'//2 q<at/"/p

1 1
' plog(@/"/p)

p<a'/"/2
1
. x% loglogx (4.24)
log x
Next, we estimate the main term in ([23]). First note that
L3 | | pmH(LE =)

l;z pr/h (1 + ,l/h) S p(l—p e ptt) p(L—pTt/htptl)

Thus, using a similar result for a prime ¢ as above and the symmetry of two primes
p and ¢, we deduce

Llugzj Lloga:J
log p log q

1 1
Yot/ Z Z > ) g/ (1 + )

i=h 1= PF/" <1+ 1/h

p#4, pq<zl/h =t
—qona/m Y ! ! 2+,
’ , p(L—p= ¥ +p=1)q(1 —qg=/h +¢71)
p#q, pg<z'/"
where
oy 1 (L)
= x
Lo on  pU—prtp gl —g g7
p#q, pq<z'/"
and

oL ) —E (s | -n)
(

Jo = ’Yo,hl’l/h .
;q: p(I—p=Vh 4+ p=1)q(1 —¢=/" +¢71)
p#q, pq<w

Using |z| > « — 1, (1)) and Lemma 23] we obtain

1/h

1 z'/"loglog
J 1 _
1 <h ; p(l —p~t/h 4 p-1) Z <n log =

p<z/"/2 q<at/"/p
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Similarly, we obtain

_ 1 log x —h+1)
D +(Lees) loglog x
J: 1 5o
2 < ; p(1—p=1t/h 4 p-1) ; <n log
p<a'/"/2 q<a" /p

Combining the last three results, we obtain
L5 ] [R5

1 1
Y Z >
Y0, T -1
P —h  I=h Pk/h< + 7 1/h>ql/h (14‘1_2771/0

p#q, pq<z'/"

=yona'/" Z ! .
| e I T p =g g )
P#q, pq<w

/M ogl
Lo, (%) (4.25)
log x

1/h

Thus, to complete the proof, we only require to estimate the main term in (Z28).
Using Lemma 2.1] we have

1 1
;q: pA—p thtp=) gl — g /h+q71)
p#q, pq<w

1 2
= Z pA—p Vh+pql—q 1/h+q 1) Z( - 1/h+1)

p.q p
pq<:cl/h

1
+Op, (7951/(%) 1ng). (4.26)

Now, using

1/h

1 1 pfl/h 7p71

=24 ,
pd=pVhtp=) p p(l—p /M tph

a similar result for another prime ¢ and the symmetry of primes p and ¢, we write

the first sum on the right-hand side of (£24]) as

1 1
2 pd—=p " +p ) gl =g /" +q71)

1 q_l/h*q_l
- ~ 42
S Loy el

pq P4 pq P4
pg<zt/h pg<zt/h
. Z pU/h 1 g
pL—pth+p=t) gl — g7t /h +q71)
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The first sum on the right-hand side above is estimated using Lemma 2.4 For the
second sum, we use Lemmas 2] and and (3] to obtain

Z qfl/h gt
pq(l —q=Vh4¢71)

O S
~ p 47 aql—gVhtqt)

p<at/ty2 q<at M p

log1
= (Cu(h + 1) = £4(20) (ogog + By — Togh) + Oy (“E2ET )
and similarly, for the third sum, we obtain
Z pl/h _p1 g g
L= p(L—p Y +p ) gl —g M +q7)
pa<zi/h
loglog x
= (Lu(h+1) = Lu(2h)° + Op | = ).
(Ln(h+1) = £a(20))" + O AL )
Combining the last three results with Lemma 24 we obtain
> : :
cs pA—p Vh4p gl —qVh+q7h)
pg<z*/"
log1
= (loglog )? + 2D; loglog = + D} — ((2) + Oy, (%).
ogx

Combining the above with ([I22)-#28]) and using the first moment completes the
proof for the second moment. O

5. Normal Order of w(n) over h-Full Numbers
In this section, using the variance of w(n) over the set of h-full numbers, we prove

that w(n) has normal order loglogn when restricted to this set.

Proof of Theorem Notice that

Z (w(n) — loglogn)?

neN, (z)

= Z w?(n) — 2 Z w(n)loglogn + Z (loglogn)?. (5.1)

neNy, () neNy, () neNy, ()

It is also well known that (see [8] Lemma 1])

N (@)] = qo,nat ™ + Op (2! F1), (5:2)
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where 7o 5, is defined in ([4]). Using the above with the first moment of w(n) over
h-full numbers given in Theorem [[.2] and the partial summation formula, we obtain

1/h

Z w(n)loglogn = o nz'/" (loglogz)? 4 4o, D12/ " loglog z

neNh(I)
Lo, (xl/hloglogx)
log x

and
1/h1 1
S (loglogn)? = yo,2"/* (log log z)? + Oy <M>
’ log
neNy ()

Using the above two results and the second moment of w(n) over the h-full numbers
given in Theorem [[2in (G]), we obtain

/M ]ogl

Z (w(n) —loglogn)? = yo nz'/" loglog z + Dyvyo pa/" + Oy, (796 loogg ng).
x

neNy, ()

For the second part, let g(z) be an increasing function such that g(z) — oo as
r — 0o, and let Eﬁm be the set of natural numbers n € N}, with z/logz <n < =z
such that

|w(n) — loglogn|
> .
loglogn =

Let |EL | be the cardinality of Bt ). Then

Z (w(n) —loglogn)? > ¢*(z/log z)|El | loglog(z /log x).
HGNh(I)

Using the asymptotic result for the left-hand side above, we deduce

| Efl loglog =
<hn .
xl/h 92 (z/log x) loglog(z/log x)

Since g(x) — oo as @ — oo, the right-hand side above goes to 0 as @ — oo. Thus,
|EE,| = o(z/?). Note that, by (B2), |Ny()| ~ yo,nz'/". Thus, the set of natural
numbers n € N}, with x/logx < n < z such that

|w(n) — loglog n|
>
Vieglogn  — 9(x),

is o(J NV (z)|). Again, by (E52), the remaining set of natural numbers n € Ny, (x/log x)
is o(JMp(x)]). Together, this proves the first part of the theorem. Next, we choose
¢ such that 0 < ¢ < 1/2 and choose the function g(z) = (loglogz)¢ . Let € > 0 be
arbitrary. Since € < 1/2, there exists o € R such that for all z > 2 and for all n
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with z/logz < n <z,

(loglog x)¢ (loglog x)¢

(loglogn)'/2 ~ (loglog(z/logz))'/2 —
Hence, as x — oo, the set of numbers n € N}, with z/logz < n < x that satisfy the
inequality

|w(n) — loglogn| > e
loglogn -

is o(J Ny, (z)]). This together with the fact that the remaining set of natural numbers
n € Np(z/logx) is o(|[Ny(x)|) implies that w(n) has normal order loglogn over
h-full numbers. O

In this work, we employ a counting argument to establish that w(n) has normal
order loglogn over the h-free and h-full numbers. In addition, we can also establish
that w(n) satisfies the Gaussian distribution over the subsets of h-free and h-full
numbers. We will report this result in a follow-up paper. The function field analog
of this research has been studied by Lalin and Zhang [IT].

Let & > 1 be a natural number. Let wg(n) denote the number of distinct prime
factors of a natural number n with multiplicity k. Elma and Liu [3] studied the
distribution of wg(n) over the natural numbers. They established that w;(n) behaves
asymptotically similar to w(n), whereas wy(n) with k > 2 is asymptotically smaller
compared to w(n) over the naturals. Moreover, over the natural numbers, wy (n) has
normal order loglogn, and wy(n) with k& > 2 does not have a normal order. This
naturally raises the question about the behavior of wy(n) over any subset of natural
numbers, and whether they have the same normal order as w(n) over such subsets.
We will study the distribution of wy(n) over the particular sets of h-free and h-full
numbers in a separate paper and answer the questions related to their behavior.
Note that the function field analog of this research has been studied by Gémez and
Lalin [5].
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