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Let k and n be natural numbers. Let wy (n) denote the number
of distinct prime factors of n with multiplicity k& as studied
by Elma and the third author [5]. We obtain asymptotic
estimates for the first and the second moments of wy(n) when
restricted to the set of h-free and h-full numbers. We prove
that wi(n) has normal order loglogn over h-free numbers,
wp (n) has normal order log log n over h-full numbers, and both
of them satisfy the Erdés-Kac Theorem. Finally, we prove that
the functions wg(n) with 1 < k < h do not have normal order
over h-free numbers and wg (n) with k > h do not have normal

order over h-full numbers.
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1. Introduction
For a natural number n, let the prime factorization of n be given as
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where p}s are its distinct prime factors and s}s are their respective multiplicities. Let
w(n) denote the total number of distinct prime factors in the factorization of n. Thus,
w(n) = r. The average distribution of w(n) over natural numbers is well-known (see [13,
Theorem 430]):

x
Zw(n)xlog10g$+B1$+O<lng) ; (2)

n<x

where B; is the Mertens constant given by

Bl—’erZ(log(l%)Jr%), (3)

with v = 0.57722, the Euler-Mascheroni constant, and where the sum runs over all primes
D.

Let h > 2 be an integer. Let n be a natural number with the factorization given in
(1). We say n is h-free if s, < h—1foralli € {1,--- ,r}, and we say n is h-full if s; > h
for alli € {1,---,r}. Let S}, denote the set of h-free numbers and let N}, denote the set
of all h-full numbers. Let vy 5, be the constant defined as

_ . 1/h
p—Dp
=TT (14 220, (@
. p(pt/" —1)

where the product runs over all primes p, and let £p(r) be the convergent sum defined
for r > h as

1
Ly(r) =) —— - . (5)
. pr/M=1 (p— pl=1/h 1 1)

In [3, Theorem 1.1 and Theorem 1.2], the authors proved the following distribution
results for w(n) restricted to the sets of h-free numbers and h-full numbers:

B SN R o U ek S N
Zw(n)ic(h) os g +<B Zp(ph—1)> C(h)+0h<10gx)’ 0

P

and

S wn) = vonz'/Mloglogx + (By —logh + Lu(h + 1) — La(2h)) oz

n<x
1/h
ron(5). (7)

neNy,
log x
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where ((s) represents the classical Riemann (-function, and where O, denotes big-O
with the implied constant depending on h.

Given natural numbers n and k, let wy(n) denote the number of distinct prime factors
of n with multiplicity k. Note that

= Zwk(n)

E>1

Let P(k) denote the convergent sum given by
1
P(k)=> —. (8)

Using this definition, the distributions of average value of wg(n) over natural numbers
were proved by Elma and the third author [5, Theorem 1.1] as

;wl(n)leoglogx—i—(Bl—P( ))x+0(logx> (9)
and for k > 2,
S wil(n) = (P(k) — P(k + 1))z + O (x% (log x)2) . (10)

The results in (2), (9) and (10) suggest that w(n) and wy(n) share a similar asymptotic
distribution with only a difference in the coefficient of the second main term, whereas
the average distribution of wy(n) with k > 2 is smaller than that of w(n). We verify this
in our work as well. In the next two theorems, we show that when restricted to the set of
h-free numbers, wq (n) behaves similarly to w(n) and wg(n) with & > 2 exhibits a smaller
asymptotic size that w(n). We begin by studying the distributions of wy(n) over h-free
numbers. We define the constants

1

Cy:=DB; — Z pp __1 (11)

and

ph—l _ ph—2 2
I ) (e

P pr=l
For the first and the second moment of wy(n) over h-free numbers, we prove:

Theorem 1.1. Let x > 2 be a real number. Let h > 2 be an integer. Let Sy be the set of
h-free numbers. Then, we have
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1
Z wi(n) = ——==xloglogz + &x+0h (x) ,

— ¢(h) ¢(h) log
neTSh
and
2,y L 2, 201 +1 Oy x
;wl(n)— C(h)zv(loglogx) + RO xloglogm—i—c(h)x—i—Oh —logm .
neSy

Next, we establish the moments of wy(n) with & > 2 over h-free numbers as the
following:

Theorem 1.2. Let k > 2 and h > 2 be any integers. Let Sy, be the set of h-free numbers.
For k < (h—1), we have

h _ ,h—1 1/k
p p T T
S =5 0
L =2 (=) i + O (ioga )
nE_Sh

and

> win)

n<x
neSy

((E0F5)) =05 0 6

2
z'/*loglog =
log = ’

+ Oh,k (
where Oy, means that the implied constant depends on h and k.

Remark 1.1. Note that if n € Sj, then wy(n) = 0 for all k& > h. Thus, the distribution of
wi(n) with k& > h over the h-free numbers is zero.

Next, we prove the distribution of wy(n) over h-full numbers. We notice that w(n)
and wy,(n) have similar asymptotic distributions over h-full numbers. Moreover, wy(n)
with k& > h has a smaller asymptotic size than w(n). We can thus infer that the smallest
power of primes defining the subset of h-full numbers contributes to the main term
for the asymptotic distribution of w(n) over the subset. This inference also satisfies
the behavior observed over h-free numbers. The set of h-free numbers includes the first
power of primes, and it is observed that w(n) and wy(n), which counts prime factors with
multiplicity 1, satisfy similar distributions over h-free numbers. To prove the distribution
over h-full numbers, we define two new constants
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D1 = Bl - logh - ,Ch(2h), (12)
and
1/h _q 2
D2 p
-D2 _D1+D1_C(2)_E<p1+l/hp+p1/h> ) (13)

p

where £y (+) is defined in (5). For the first moments of wy(n) over h-full numbers, we
prove:

Theorem 1.3. Let k > 2 and h > 2 be any integers. Let Ny, be the set of h-full numbers.
Then, we have

L1/h
> wi(n) =vonz"/"loglogz + Diyopa" + Oy (log:n> ;
n<x

nGNh

where o5, s defined in (4).
Moreover, we have

Z whr1(n) = (Lr(h+1) = Ln(h+2)) yonz'" + Oy (xl/(hH) log log 33) )

n<zx

neNy,

and for k > h + 1, we have

Z wi(n) = (Ln(k) = Ln(k + 1)) yonz™ + Op (xl/(h-i-l)) .

n<z

neNy,

For the second moments, we obtain:
Theorem 1.4. Under the assumptions as in Theorem 1.3, we have

Z wi(n) = yonzt " (loglogz)? 4 (2Dy + 1) yo.nz/ " loglog = + Doy pat/"

n<lz

nE/\/h

Lo, (ml/hloglogx) .
log

Moreover, for k =h+ 1, we have,

Z W}Zz+1(”)

n<zx

neNy,

= ((ﬁh(h +1) = Lu(h+2))° + Lp(h+1) — Ln(h+2)
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pl/h -1 ’ 1/h 1/(h+1) 2
- Z <p1+2/h —pliFi/h +p2/h> Yo" + Op, (x (loglog ) ) ’
P
and for k > h+ 1, we have

> wiln)

n<x

’I’LG./\/’;,,

= ((Lh(k:) — Lk + 1)+ L (k) — La(k+1)

pl/h -1 ’ 1/h 1/(h+1)
- Z (p(k+1)/h — pk/b +p(k+1h)/h> Yo, "+ Op ks (33 ) :
p

Remark 1.2. Note that if n € Nj, then wi(n) = 0 for all k& < (h — 1). Thus, the
distribution of wy(n) over h-full numbers is zero for k < (h — 1).

We recall the definition of normal order over a subset of natural numbers as mentioned
in [3]. Let S € N and S(z) denote the set of natural numbers belonging to S and less
than or equal to x. Let f, F': S — R>g be two functions such that F' is non-decreasing.
Then, f(n) is said to have normal order F'(n) over S if for any € > 0, the number of
n € S(x) that do not satisfy the inequality

(I1=¢F(n) < f(n) <(1+€)F(n)

is o(S(z)) as x — oo. Hardy and Ramanujan [12] proved that w(n) has the normal
order loglog n over naturals. In fact, the authors in [3] showed that w(n) has the normal
order loglogn over h-free and over h-full numbers as well. Note that the set of h-free
numbers has positive density, and both w and w; behave asymptotically similar over h-
free numbers. Thus, the proof of wy (n) having normal order loglogn over h-free numbers
follows from the classical case. In particular, one can establish that for any ¢ > 0, the
number of n € Sy (x) that do not satisfy the inequality

(I —¢€)loglogn < wi(n) < (1+¢€)loglogn

is o(|Sk(z)|) as  — oo. On the other hand, the set of h-full numbers has density 0, and
thus the proof of normal order of wy does not follow from the classical result. However,
since w and wy, behave asymptotically similar over h-full numbers, the proof of wp(n)
having normal order loglogn over h-full numbers can be inferred in a manner analogous
to the proof presented in [3, Theorem 1.3] for w(n). In particular, one can establish that
for any € > 0, the number of n € A}, (z) that do not satisfy the inequality

(1 —¢€)loglogn < wp(n) < (1+€)loglogn
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is o(|Np(2)]) as @ — .
In [6], Erd8s and Kac established a pioneering result that w(n) obeys the Gaussian
distribution over naturals. In particular, they proved

1 w(n) —loglogn
1 — < [ I R =
wlﬁngo x {n = loglogn =4 (a),

where

®(a) = \/% / /2 du. (14)

Following their work, various approaches to the Erdés-Kac theorem have been pursued,
for example, see [2,7-11,15]. In [4], the authors showed that w(n) satisfies the Erdés-Kac
theorem over the subsets of h-free and h-full ideals of a number field, thus in particular,
over h-free and h-full numbers. We extend this result to wq(n) over h-free numbers and
wr (n) over h-full numbers. We prove the following two results:

Theorem 1.5. Let © > 2 be any real number and h > 2 be any integer. Let Sp(x) denote
the set of h-free numbers less than or equal to x. Then for a € R, we have

. 1 wi(n) —loglogn
1 S L — < =
e |Sn ()] ‘ {n € Sn(2) loglogn “ (@),

where ®(a) is defined in (14).

Theorem 1.6. Let x > 2 be any real number and h > 2 be any integer. Let Ny, (z) denote
the set of h-free numbers less than or equal to x. Then for a € R, we have

. 1 ~ wp(n) —loglogn B
o | { <00+ g <o | -0

where ®(a) is defined in (14).

Unlike wy (n), we observe that wg(n) for 1 < k < h does not have a normal order. This
goes in accordance with the findings of Elma and the third author [5] where they proved
that wg(n) for £ > 1 does not have a normal order over natural numbers. In particular,

we prove:

Theorem 1.7. For any integer h > 2 and any integer k satisfying 1 < k < h, the function
wi(n) does not have normal order F(n) for any non-decreasing function F : S, — R>q.

Finally, we show that wy(n) for & > h does not have a normal order over h-full
numbers. In particular, we prove:
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Theorem 1.8. For any integer h > 2 and any integer k > h, the function wi(n) does not
have normal order F(n) for any non-decreasing function F : N}, — R>o.

For a natural number n, let Q(n) denote the number of prime factors of n counted
with multiplicity. In particular, for the representation of n given in (1), Q(n) = >_I_, s;.
Let Qp(n) be the number of prime factors of f with a given multiplicity & > 1. Note
that Qi(n) = k- we(n) and Qn) = 37, -, Q(n) for all n € N. One can deduce similar
results for ;(n) as our results in this paper. In particular, one can prove that Q;(n)
has normal order loglogn over h-free numbers, 25 (n) has normal order hloglogn over
h-full numbers, and both satisfy the Erdos-Kac Theorem. One can also prove that the
functions Q(n) with 1 < k& < h do not have normal order over h-free numbers and Q(n)
with & > h do not have normal order over h-full numbers.

2. Lemmata

First, we recall the following results necessary for our study:

Lemma 2.1. [1, Lemma 1.2] If k > 1 be any real number. Then

1 1 1
2 F - Ge— et loga) 7 (w’“(log x)2> '

p>T

Lemma 2.2. [3, Lemma 2.2] Let o > 0 be any real number satisfying 0 < a < 1. Then
-«

1 T
ZE =0a (logx>'

p<z

Lemma 2.3. Let h > 2 be a fized integer. Let y > 2 and r > h be fized real numbers.
Then

1 1
_y Opr | o),
Zp’”/h (1—p=1/h4p-1) M)+ O, (yhl(logy)>

Py
where Ly (r) is the convergent sum defined in (5) as

1
,Ch(T> = Z TR — — 5
> p( /h)—1 (p—pl 1/h 4 1)

and Oy, means that the implied constant depends on both h and r.

Proof. Note that

1 1
Z pr/h (1 _p—l/h +p_1) = Eh(?‘) + 0y, (Z W) .

p<y P>y
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Applying Lemma 2.1 with k = r/h completes the proof. O
Lemma 2.4. [16, Ezxercise 9.4.4] For x > 2, we have

Z 1 _0 <1ogloga:>
plog(z/p) logz )

p<z/2

Lemma 2.5. [3, Lemma 2.4] Let p and q denote prime numbers. For x > 2, we have

L log]
S — = (loglog)? + 2By loglog z + B — ((2) + O <%) .

og T
pole

Next, we recall the following results regarding the density of certain sequences of
h-free and h-full numbers:

Lemma 2.6. [1/, Lemma 3] Let © > 2 be a real number. Let h > 2 be an integer. Let S,

be the set of h-free numbers. Let q1,--- ,q, be prime numbers. Then, we have
r h_ _h—1
q; —q; € r_1/h
E 1= | I ( 7 ) + Oy, (2 x ) .
i, L\ g -1 ) ()
(n,q1)="=(n,qr)=1

Let C. j be a constant dependent on r and h, defined as

2h—1

Con= [ <G/m),

j=hojr
and let ¢p(s) be a complex valued function defined on R(s) > 1/(2h + 3), satisfying the

equation

(33 +h—2)/2

IT(1-p @2 e S aw | =L@+ 2)s)0n(s),

V4 r=2h+3
where a, , satisfying the identity
(3h24+h—2)/2

h
<1+ 1” )(1—vh)---(1—v2h1) =1-0"2 4 N a0
-v 2h+3

Lemma 2.7. [3, Lemma 4.1] Let q1,q2,- -+ , g, be distinct primes. Let

Ay grn () = > 1. (15)

n<z,neNy
(n,q1)="=(n,qr)=1
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For any x > 2, we have

1 1
Agy o geh(T) =Vg1,0 g0 00T + Vgr oo g, LR P A+
1
+ Yar, s, h—1,02 21 4 Op (™),

whereﬁ<nh<wal, and fori € {0,1,--- ,h — 1},

on(1/(h + 1) -
c(Cn+ 20+ 1) (T (14 17 ) )

Va1, ,qrsish = Chi,h

Lemma 2.8. [1/, Lemma 17] Let q be a prime and k > h be integers. Then, for any small
€ > 0, we have

1— qil/h 1 2ht1
1= 2" o (x2h<h+_1>+€) ,
Z 1—q U/hyq1_ gk/nk

n<zx
neNRNSk,(n,q)=1

where np, 1 s the convergent product given by

1 1_p71/h _|_p71_p7k/h
Nhk = H (1 - 5) ( 1= -1/ . (16)

p

3. Distribution of wy(n) over h-free numbers

In this section, we study the distribution of the average value of wg(n) over h-free
numbers.

3.1. For wi(n)

Proof of Theorem 1.1. Writing n = py with (y,p) = 1, we obtain

Joam=3 3> 1=3, ) 1= > 't

n<x p<z n<lz p<z y<z/p
nesy, nesh pl\n n€Sh,plin yESH, (y,p)=1

Now, first using Lemma 2.6 for a single prime p to the above and then using Lemma 2.2,

we obtain
h o h—1
p —D x x
-5 63) ()
; " p;(p(ph—l))qh) log =
nG_Sh -
Using Lemma 2.1, £ —p(ph hl)l = % — pp—(hp_hl:ll), and Mertens’ second theorem given by
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logz

1 1
Zloglogz+B1+O< ), (17)

p<z

we obtain

1

h h—1
P—p pr -1 L
2 (St = vsoss 51 Zﬁ”h(logx)' "

= \pp

Plugging the above back into the previous equation completes the first part of the proof.
Next, note that

Swim=> D1 =Y e+ > Y 1 (19)

n<x n<x p n<x n<x p.q
néS, nésS, \pln nESh n€Sy, plin.alln.p#q

where p and ¢ above denote primes. The first sum on the right-hand side above is the
first moment estimated above and for the second sum, using Lemma 2.6 for two primes
p and ¢, we obtain

L T - % () () @ o o)

n<z p,q
nesy, plin,glln,p#q p#q,pq<z

(20)
Next, we bound the above error term using Lemma 2.2 with o = 1/h and Lemma 2.4 as
the following

1
zt/h Z (pq)l/h_xl/hz 1/h Z l/h

p#q%%zéx p<x/2 q<x/p
1
S (o)
2=, \plog(a/p)
zloglogx
= (21)
logx
Now, we estimate the main term in (20). First, we can divide the sum as
Z (ph_ph—1> (qh_qh—1>
~ \p("—-1)/) \a(d"-1)
PF¢,pg<T
- _ 1N 2
-y <p”—ph 1) <q”—qh 1)_ 3 <M) (22)
e~ \ p(p" —1) ) \q(g" - 1) — \p("-1)
pgsw p<al/?

The second sum on the right-hand side above is estimated using Lemma 2.1 as
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1N 2 2
D At R o el S RPOY (RN o)
p (" =1) P p(p" —1) z/2logx
p<zl/?
Using I;h(;{’f;)l _ % _ 52;;’1:11), and the symmetry in p and ¢, we have
> () (555)
o5 \p("—1) ) \qlg"-1)
pq<z
1 1 qh11> <ph11>(qh11)
=2 e o\ n) T . (4
;q: Pq ;q: p <Q(qh—1) ;q: p(ph —1) q(g" =1 (24)
pq<z pg<zx pg<a

We estimate the sums on the right-hand side above separately. For the first sum, we

use Lemma 2.5. For the second sum, we use Lemma 2.1, and then (17) and the classical
prime number theorem given as

gl - 10; * <(1ogx)2> (25)

to obtain

2 (T (553) o (amee)

= d <§&1_11)) (loglogx+B1)+O( ! )

log

For the third sum, we use Lemma 2.1 twice and then Lemma 2.4 to obtain
pht—1 g1 -1 pht—1 ’ log log ©
> Gor) () - (o)) o) e
= \p("—1)) \a(¢" - 1) —~\p(p" -1 zlogx
pg<z
Combining (24), (26), (27), and Lemma 2.5, we obtain

= (5 (5)

pg<z

h—1 _ 1
= (loglogz)? + 2B loglogx + B} — ((2) — 2 E (%) (loglogx + By)
p\p” —
P
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Z ph=t—1 40 loglog x '
p(ph — 1) log
Combining (19), (20), (21), (22) and (23), and then combining it further with the above

equation and the first moment of wy(n) over h-free numbers, we obtain the second mo-

ment estimate. O
3.2. For wy(n) with k > 2

Proof of Theorem 1.2. Using n = p*y with (p,y) = 1, we obtain

Sum-Y Y=Y Y =Y ¥ o1 o

= nsr pln p<z'/k  n<z p<al/k y<g/pk
neSy neESy pk In neSp,p~|In YyESH,(p,y)=1

Using Lemma 2.6 for a single prime p, we obtain

S (alh) (phph_phll)z%w*” (#))

pgrl/k ySac/pk pgzl/k

YESh,(py)=1
‘Z<p ;p—;) ps (p ;p—;))amh)

p>axl/k

1
+Oh "El/h Z W . (29)

p<at/k

Using Lemma 2.1, we estimate the second sum in the above equation as

h_ oh—1 1/k
pr—p ) x x
Z Lhk T+ (30)
k(ph — :
oyt (p (p"—1)) ¢(h) logz
Using Lemma 2.2 with a = k/h, we obtain
x%_%
D S Shk o (31)

Combining (28), (29), (30), and (31) completes the first part of the proof.
For the second moment, note that

2

2wk =2 |21 =D wmt D L (@

n€Sy n€Sn \p*ln nESh "€Shp an Hmmﬁq
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where p and ¢ above denote primes. The first sum on the right-hand side above is the
first moment studied above, and for the second sum, using Lemma 2.6, we obtain

> ox o= > ((Ge) (St @
n<aw p.q P.q pr(p" - 1) q*(q" — 1)) ¢(h)
n€Sy p*|In,q"|In,p#£q p#q,pq<zt/*

+0, (%)) (3)

Next, we bound the above error term. We employ Lemma 2.2 with o = k/h, and with
o = 2k/h when 2k < h, (17) when 2k = h, and 3_ 1/p*/h = O(1) when 2k > h below
to obtain

1 1 1
1/h N ¥/ I ¥ L
x =z x
Z (pq)*/" ; (pq)k/" ) Z p2k/h

p.q 1/2k
p#q,pg<z'/* pg<z*/* =
z* loglog x
Lk,h o8 E (34)
log x
Now, we estimate the main term in (33). First, we can divide the sum as
P — ph=1 ¢ — gt
; <p’“(ph - 1)> (qk(q" - 1)>
p#q,pg<z'/*
h o h—1 h _  h—1 h_ o h—11\2
p =D 9 —9q p —=Dp
; (pk(ph—1)> <qk(qh—1)) zp: (p’“(p’“‘—l)>
pg<z/* p<al/2k

The second sum on the right-hand side above is estimated using Lemma 2.1 as

p<zl/2k

For the first sum, we employ Lemma 2.1, then Lemma 2.4, and then again Lemma 2.1
to obtain

s (Gl ()

pg<z'/*

B ph— ph—1 ph— ph—1 i 1
- ; (p’“(ph - 1)) (; (p‘“(ph - 1))) o ; plog(zt/*/p)

p<z'/¥/2 p<z'/¥/2
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2
h h—1 19 1_q
_ Z p—p Tk x* " loglogx
(,, (p’“(ph—l))> +Ok<1ogx>+0k< log )

Combining the last three results, we obtain

ph— ph—1 -\
;q: <p’€(ph - 1)) (qk(qh - 1)) ¢(h)
p#q,pg<z'/*

h h—1 2 h h—1\ 2 1/k
_ PPN} (o v " loglogw
B (Zp: <P’“(ph—1)>> %:(P’“(ph—l)) +Oh’k< log @ )

Combining the above with (32), (33), and the first moment of wg(n) studied in the first
part of the proof, we obtain the required result. O

4. Distribution of wy(n) over h-full numbers

In this section, we study the distribution of the function wg(n) over h-full numbers.
The definition of h-full numbers enforces that the distribution of wg(n) over h-full num-
bers is zero for k < h — 1. Thus, we only need to study the case k > h.

4.1. The first moment of wi(n) over h-full numbers

Proof of Theorem 1.3. Note that

dowm= >, ) 1= 3 > 1= ) Al 67

n<w n<z pln p<zl/k  n<z p<zl/k
neNy n€./\/hp In neN,,p*||n

where Ay, (y) is defined in (15). Thus, applying Lemma 2.7 with a single prime p, we
have

—1/h 1
_ 1/h 1/(h+1)
Z k(n) = vyo,ne Z k/h 1— —1/h+p )+Oh T Z p/(h+1)

n<w p<x1/k p<zl/k
neNy, -

(38)

The above formula for k = h yields

1
Y wnln) = ’Yo,hxl/h( > p(1—ph+p-1)

n<x pﬁacl/h
nENh

1
— Z pl+i/h (1_p—1/h +p‘1)>

p<at/h
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L0y [2/0 3 1

h/(h+1
p<zl/h p /ey
By [3, (42)], we have
Z ! loglogz + By —logh+ Lyp(h+1) — Ly (2h) + O ( ! )
= 11— h — Ly hl -
p<zi/n P (1=p=t/"+p7) log
(39)

Thus, using Lemma 2.2 with a = h/(h+1), and Lemma 2.3 with y = 2'/? and r = h 41,
we obtain

1/h
Z wi(n) = yo,nz'/ " loglog z + (Bl —logh — Eh(Zh)> Yonz'" Oy, (lsf)ggc) .

n<z

neNy,

Now, let’s consider the case k > h. Rewriting (38) for k£ > h and using Lemma 2.3, we
obtain

R (log x)

Z: wi(n) =o' (Eh(’f) — Li(k + 1) + Oy, <%>)

HEN}L

1
1/(h+1) -
+On |2 Z P/ (D)
pgwl/k

Note that, for k =h + 1,
L log 1
Z W = O(loglog z)
p<zl/k
and for k> h + 1,
1
Z PR/ D) — Ok(1).
p<zl/k

Combining the above results, we obtain

D wna(n) = (Lu(h +1) = Li(h +2) yopa" " + On (371/(h+1) loglog CC) ;

n<z

nENh

and for k > h + 1, we obtain

Z wr(n) = (Ln(k) — Ly(k + 1))707h:171/h + Ons <x1/(h+1)) '

n<z

’I’LGNh
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This completes the proof. 0O
4.2. The second moment of wi(n) over h-full numbers

Proof of Theorem 1.4. Note that, for & > h, we have

2

IECEDIE DI IEDIEIOED SEND DN

n<x n<x kp n<x P7q
neNy, neN, \p”"lln neNy, neth In,q"|In.p#£q

where p and ¢ above denote primes. The first sum on the right-hand side above can be
estimated using Theorem 1.3 and for the second sum, we first rewrite the sum, and use
Lemma 2.7 with two distinct primes p and ¢ to obtain

IDEED I

n<z
neNL p qu Hnm#q

- > X

Pq - n<a/(pg)"
n

P#q,pq<x EN
(p,n)=(g,n)=1
_ AY(th,l/iL Z 1 1 :
k/h k/h q-
qufl/k p (1 + 1/") q"/ <1 + 1—a‘1/h)

2

1 L1/2k
— 'YO,hSUl/h Z — + Oni ( )

o\ pk/h (1 + 1_1;7_1/}1) log

1 1
N E DR ol (1)

p#q,pq<z/"

For bounding the sum in the error term above, we use Lemma 2.2 and Lemma 2.4 for

k = h, Lemma 2.5 fOI‘ k = h+1 and quw = O(l) fOI‘ k’ > h+1 Thus, we
obtain

ZL/h

lloglogaz ifk=h
1 1 ogw . ;
TR Z TR g 1) <nk § e/ (loglogz)?  if k=h+1, and
p;éq,;f;qérl/h' g/ (h D) if k>h+1.

(42)
We study the first sum in the main term in (41) by dividing it into cases. We begin with
k = h and estimate the sum
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l_p—l/h l_q—l/h

Zp,q p(L=p /" 4pt)q(l—q V" +q71)
pg<z'/"
Note that
1—p Yk 1 1

p(L—pYhtpt)y p p2(l—pYh4pl)

Using this, a similar result for a prime ¢ and the symmetry in primes p and ¢, we expand
the previous sum as

1_p—1/h 1_q—1/h
;q: p(l—pVh4p)q(l—q /P +q1)
pg<zt/"
1 1
= ~ 2
; rd ; p® (L=g7V"+q71)
pq<az'/h pg<az'/h

1 1
+ > PO pVrip )@ gVt gy

We bound the first sum above using Lemma 2.4. For the second sum, we have

1
;q: pe* (1—q /" +q71)
pqul/h

1 1
— ; 5 ; q2 (1 _ q—l/h + q—l)

p<at/M/2 gLz /p

1
= L;(2h) (loglog x + By —logh) + Oy, (—) .
log x

Similarly, for the third sum, we obtain

1 1 5 log log )
= (Ln(2h)) " +Op | —F——— | .
;q: PA—pVr+p 1) 2 (- g1/t ¢1) (Ln(2h)) h (xl/hlogx
pg<z/"

Combining the last three results with Lemma 2.4, we obtain

l_p—l/h 1_q—l/h
Z p(l_p—l/h +p—1)q(1_q—1/h+q—l)

p,q
pq<a:1/h

= (loglogx — log h)? 4 2B; (loglog x — log h) + B} — ((2)
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= 2(£n(2h) (loglog + By —logh)) + (L1 (2h))* + O <1°g 10g"”> .

log x

Combining the above with (40), (41), and (42) for k¥ = h and using Theorem 1.3, we
obtain the second moment for wy(n) over h-full numbers.
Now, we focus on the case k > h + 1. Using the definition of £;(r) (5), we obtain

Z lipfl/h liqfl/h
Lo ph/h (A—p s p 1) go/h (1— g Vh 1 q )
pg<z'/*

%7 logl
= (Ln(k) = Ln(k +1))% + On (w) .

log x

Combining the above with (40), (41), and (42) for k > h+ 1 and using Theorem 1.3, for
k > h + 1, we obtain the required second moments for wg(n) for & > h + 1 over h-full
numbers. This completes the proof. O

5. The Erdos-Kac theorems

In this section, we establish the Erdés-Kac theorem for wy(n) over h-free numbers and
for wp(n) over h-full numbers. To do this, we employ ideas from [5, Proof of Theorem
1.3]. We prove the following two theorems:

Proof of Theorem 1.5. For an arithmetic function f and a natural number n > 3, let
r#(n) be the ratio

~ f(n) —loglogn

ri(n) = vl1oglogn

In this proof, we will be using f to represent w and w; when necessary. For a € R and a

(43)

subset S of natural numbers, let S(z) denote the set of elements of S up to z, and

.

D(f,S,z,a) := e

{neS() : rp(n) <ajl (44)

be the density function for sufficiently large z. Since wi(n) < w(n), thus ry, (n) < ry,(n)
for all n > 3. Therefore using S = Sy,

D(w,Sh,z,a) < D(w1,Sh,z,a)

for all x > 3. Thus, by the Erdés-Kac theorem for w(n) over h-free numbers (see [4,
Theorem 1.4]), we have

®(a) < liminf D(wq, Sp, x, a). (45)

r—r 00
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For any € > 0, we define the set

A(Sn, 2, €) i {n € Sp(z) : LW e}.

Vvloglogn
Let A°(Sp,x,€) denote the complement of A(Sh, z,€) inside Sp,(x). Note that

w(n) —wi(n)

r () = rl) 4

Thus, using the definition of A(Sy,x,€), we obtain

{n € Sulx) : ry, ga}—{nGSh(x) : rw(n)+M §a}

R R
wi1(n) — w(n)

wi(n) —w(n) }
U {n € A(Sh,m,€) ¢ ro(n) + L <y

Vl1oglogn }

C{neSp(z) : ro(n) <a+e}UA(Sh,x,¢€).
Then, by the definition of D(f,Sh,z,a)), we have

‘Ac(shv z, €)|

S (@) (46)

D(w1,8h,x,a) < D(w,Sp,z,a+€) +

We intend to show that the second summand on the right-hand side above goes to 0 as
x — 0. By (6) and Theorem 1.1, we have

> (@) —win) < =

neSy(x) C(h)
Additionally,
Yo W) —wi) = Y (wln) —wi(n)
nESy (x) ogs SN<T
n€A°(Sy,x,e€)
> € Z v/loglogn
—2_<n<g

log x —

n€eA°(Sy,z,e€)
> ey/loglog(z/logz) |[{n > x/logz : n € A°(Sy,z,€)}|.
The above two results imply

xT

1
-C(h) \/loglog(z/logz)’

{n>ax/logx : ne€ A°(Sh,z,6)}| < .
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where the right-hand side is o(x). Since |Sp,(z/log )| is also o(z) and |Sp(x)| > z/{(h),
we obtain

lim |A (Sh,l’, 6)‘

=0.
z=oo | Sp(z)]

Finally, taking the limits as * — oo on both sides of (46), and using the above with the
Erdés-Kac theorem for w(n) over h-free numbers, we obtain

limsup D(wy,Sh, z,a) < ®(a + ¢).

r—r00

Since, € > 0 is arbitrary, combining the above with (45) yields

lim D(wy,Sh,z,a) = D(a).

r—00

This completes the proof. O

Proof of Theorem 1.6. Recall the definitions for r(n) and D(f,S,z,a) from (43) and
(44) respectively. In this proof, we will be using S = N}, and f to represent w and wy,
when necessary.

Since wp(n) < w(n), thus ry, (n) < ry(n) for all n > 3. Therefore using S = Ny,

D(W,Nh,l’,a) S D(OJh,Nh71',a)

for all > 3. Thus, by the Erdés-Kac theorem for w(n) over h-full numbers (see [4,
Theorem 1.5], we have

®(a) < liminf D(wp, Np, z,a). (47)

Tr—r 00

For any € > 0, we define the set

_ . w(n) —wn(n)
Ap(Np,m,€) := {n eEN, ~Joalogn < e}.

Let A§ (N, x,€) denote the complement of Ap, (N4, x,€) inside Ny, (x). Note that

w(n) = wn(n)

P () =1l Tog

Thus, we obtain
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wp(n) —w(n)

e <)
- {neAh(Nh%E) : Tw(”)JFM ga}

{n e Np(z) : ry, ga}{nGNh(:c) D re(n) +

U {n € A5 (Np,z,€) = ry(n) +
C{neNy(z) : ro(n) <a+etUA; (N, x,€).
Then, by the definition of D(f, N}y, x,a), we have

|A%<Nh’x7€)‘

Do, Mo ,0) < D, N0+ €) + =000

(48)

We again intend to show that the second summand on the right-hand side above goes
to 0 as @ — oo. By (7) and Theorem 1.3, we have

Z (w(n) —wn(n) <p =M.

neNy (z)
Additionally,
Yo W) —wn(n) = D (w(n) —wn(n)
neNy (z) 10‘;3, <n<z

nEA} (Nn,z,¢)

> € Z y/loglogn

L <n<zx

log x —

n€A®(Ny,,€)
> ey/loglog(z/logx) |[{n > x/logz : n € A} (N, z,¢)}.

The above two results imply

1 l'l/h

Hn>ax/logz : ne AL (Np,x,6)} <n =

¢ /loglog(z/logx)’

where the right-hand side is o(2'/"). Since the size of the set |}, (2/logz)| is also o(x'/?)
and [Ny (z)| > yo.n2'/", we obtain

lim |AZ(Nhax,E)‘

=0.
amoe [Ny ()]

Finally, taking the limits as & — oo on both sides of (48), and using the above with the
Erdés-Kac theorem for w(n) over h-full numbers, we obtain

lim sup D(wp, Np, z,a) < ®(a + ¢).

Tr—r 00
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Since, € > 0 is arbitrary, combining the above with (47) yields

lim D(wp, Np,z,a) = ®(a).

Tr—r00

This completes the proof. 0O
6. No normal orders

In this section, we prove Theorem 1.7 and Theorem 1.8. The former establishes that
the functions wi(n) with 1 < k£ < h do not have normal order over h-free numbers,
and the latter proves that wy(n) with & > h do not have normal order over h-full
numbers.

Proof of Theorem 1.7. We first assume that F'(n) is not identically 0. Then, there exists
ng € N such that F(ng) > 0 for all n > ng. For x > 2 and 1 < k < h, let

S&k(x) ={n e Sy(x) : wr(n)=0}.
Note that
So(@) 2 Si().

Since |Sy(2)| > /¢ (k), thus |S{ ). (x)] > x/¢(k). In particular, the set of n € Sy (x) for
which F(n) > 0 and wg(n) = 0 is not o(z). For all such n, notice that the inequality
F(n)

fwn(n) = Fw)| > =~ (49)

is satisfied. Thus, we deduce that wi(n) does not have normal order F(n) when F(n) is
not identically zero.
Next, we work with the case when F(n) is identically 0. Let

S{Lk(x) ={n € Sp(x) : wr(n) =1}
Using Lemma 2.6 for the single prime p = 2, we deduce

|51k (@)] > > 1

neSy(z)
p¥||n for exactly one prime p<z

> Y 1

neSk(z/2%)
(n,2)=1

1/k

2k _21@71 T
Z @) )
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Thus, the set of n € S, (z) for which F(n) > 0 and wg(n) = 1 is not o(z). Also, for all
such n, inequality (49) is satisfied. Thus, wg(n) does not have normal order F'(n) when
F(n) is identically zero. This completes the proof. O

Proof of Theorem 1.8. We first assume that F(n) is not identically 0. Thus, there exists
ng € N such that F(ng) > 0 for all n > ng. For x > 2 and k > h, let

Np(x) = {n € Niy(z) : wi(n) =0}
Note that
NG (x) 2 (Mo N Sp) ().

Moreover, using Lemma 2.8 for the prime p = 2, we obtain

[N 0 S) ()] = > 1
n<x
nGNhﬁSZ,(nﬂ):l
1—27Vh 1k

P o1k g o1 gk kT

Thus, the set of n € N} (x) for which F(n) > 0 and wg(n) = 0 is not o(x'/"). Also, for all
such n, inequality (49) is satisfied. Thus, wg(n) does not have normal order F'(n) when
F(n) is not identically 0.

Next, we work with the case when F(n) is identically 0. Let

Nlh,k(:c) ={n e N, (z) : wr(n)=1}

Using Lemma 2.7 for the single prime p = 2, we deduce

[N ()] > > 1
neN, (z)

pan for exactly one prime p<z

>y 1

n<ax/2F
neNRNSk,(n,2)=1

1—27h Un
> 2k/h(1_2—1/h_~_2-1 _2_k/h)nh,kx 5

1/k

where 7, i is given by (16). Therefore, the set of n € Nj(z) for which F(n) > 0 and
wir(n) = 1 is not o(z'/"). Also, for all such n, inequality (49) is satisfied. Thus, wg(n)
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does not have normal order F(n) when F(n) is identically zero. This completes the
proof. O

In this work, we establish that wy(n) has normal order loglogn and also satisfies the
Erdés-Kac theorem over h-free. Similarly, wy, has normal order log log n and also satisfies
the Erdés-Kac theorem over h-full numbers. We also proved that wg(n) with 1 <k < h
do not have normal order over h-free numbers and wy(n) with k£ > h do not have normal
order over h-full numbers. These results can be generalized to a general number field.
The authors have been working on this and will report their findings in a future article.
Note that the function field analog of this research has been studied by Goémez and
Lalin [7].
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